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The early time expansion of the space-time, namely inflation, is introduced to solve
some cosmological problems. F (R) gravity is a simple extension of the general relativity
to induce the inflationary expansion. The precise observation of the Cosmic Microwave
Background gives us the information to inspect the model of the inflation. By the Weyl
transformation, F (R) gravity can be transformed to the Einstein-Hilbert term with a
scalar field that plays the role of the inflaton. In this paper we obtain general formulae
to derive the inflationary parameters including the models with a non-canonical kinetic
term. The inflationary parameters are described as functions of the inflation potential
and its derivatives. We apply the procedure to F (R) = R + γRn and R(1 + γRn)1/n
models and show the allowed parameters space.
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1. Introduction
The discovery of the gravitational wave from the heavy celestial body and the
direct observation of the Black Hole are great success for the Einstein’s general
relativity. From the cosmological point of view, however, there are some remaining
problems, e.g. the flatness, horizon, monopole problems. The inflation theory is one
of elegant and simple solutions for these problems (for reviews, see, e.g. Refs. 1,
2, 3). Introducing an inflaton field with a plateau like potential, the non-vanishing
potential energy can induce the accelerating expansion of the space-time and provide
an enough e-folding number. The alternative approach is found in the modification of
the Einstein gravity. A simple and useful model is F (R) gravity where the Einstein-
Hilbert action is replaced by a general function of Ricci scalar R. The model can
introduce the accelerating expansion not only the inflation era but also the present
universe, see Refs. 4, 5, 6, 7, 8, 9. It is known that the accelerating expansion
1
ar
X
iv
:1
90
9.
07
63
8v
2 
 [g
r-q
c] 
 27
 Se
p 2
01
9
September 30, 2019 0:35 WSPC/INSTRUCTION FILE main
2
takes place by the R2 term for a large curvature10 and the resulting inflationary
parameters satisfy the observable constraints for the Cosmic Microwave Background
(CMB).11,12
For F (R) gravity, an extra degree of freedom plays a role of the inflaton and
there are a variety of models. Recent observation of the CMB and its fluctuations
increases accuracy enough to inspect the models. Thus we launch a plan to develop
a simpler procedure is required to evaluate the CMB fluctuations for general models
of F (R) gravity. The F (R) term is simplified to the Einstein-Hilbert term with a
scalar field by the Weyl transformation. The complexity to calculate the inflationary
parameters comes from the definition of the scalar field with a canonical kinetic
term. For a non-canonical kinetic term it is possible to reduce the expression for the
inflaton potential. The coefficient of the non-canonical kinetic term can be written
as the metric of configuration space, see Refs. 13, 14, 15, 16. Here, we calculate
the inflationary parameters for the models with a non-canonical kinetic term. It is
noted that another technique is developed to analyze F (R) gravity without using
the Weyl transformation.17
The paper is organized as follows: in section 2, general formulae for the infla-
tionary parameters are derived for F (R) gravity by using the covariant approach.
In section 3 the formulae are used to calculate the inflationary parameters in
F (R) = R+γRn and R(1 + γRn)
1/n
models and show the constraint for the model
parameters. The section 4 is devoted for the concluding remarks.
2. Covariant approach in F (R) gravity
F (R) gravity is defined by the action,
S =
∫
d4x
√−g
[F (R)
2κ2
]
, (1)
where κ denotes the inverse of the Planck mass, F (R) is an analytic function of
the Ricci scalar R. For practical calculations of the inflationary parameters, it is
more convenient to introduce an auxiliary field, A, called scalaron and consider the
following equivalent action,
S =
∫
d4x
√−g
[FA · (R−A) + F (A)
2κ2
]
, (2)
where we use the notation that the lower index A denotes the ordinary derivative.
Substituting the equation of motion for A into the action (2), we reproduce the
original action (1).
To simplify the calculations we move to the Einstein frame by the Weyl trans-
formation, gµν → F−1A gµν , and obtain
S =
∫
d4x
√−g
[ R
2κ2
− 3
4κ2
(F−1A ∂FA)
2 − AFA − F (A)
2κ2F 2A
]
, (3)
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where the determinant of the metric tensor g and the Ricci scalar R represent the
ones in the transformed space-time and the total derivative term is dropped. The
kinetic term for the scalaron A is written as
− 3
4κ2
(F−1A ∂FA)
2 = −1
2
GAA(∂µA)(∂µA), (4)
with the field-space metric,
GAA = 3
2κ2
(FAA
FA
)2
. (5)
The potential for the scalaron A is defined by
V ≡ AFA − F
2κ2F 2A
. (6)
Though the scalaron A can be redefined to acquire the canonical kinetic term, an
explicit expression for the potential (6) is not always obtained as a function of the
redefined field. To evaluate the model with a non-canonical kinetic term, we employ
the covariant approach.13–16
We consider the following action with N species of scalar fields,
S =
∫
d4x
√−g
[ R
2κ2
− 1
2
GIJ∂µφI∂µφJ − V (φI)
]
, (7)
where the field-space metric GIJ is a symmetric function of the scalar fields,
φI(I, J = 1, 2, . . . ,N ).
In the large class of inflation models it is assumed that the energy density of
the universe is dominated by the potential energy, V , of the slowly-rolling scalar
fields. To derive the slow-roll parameters, we first introduce the model-independent
parameters, called the horizon flow functions,18 along to the geodesic direction,
n+1 =
1
H
Dt ln |n| , (8)
where H represents the Hubble parameter and we set n ≥ 0 and 0 ∝ 1/H. The
directional derivative Dt = dφ
I
dt ∇I is defined with the covariant derivative ∇I on
the field-space manifold.
The slow-roll condition is satisfied for 1 < 1 and the other functions n(n > 1)
are typically the same order of magnitude with 1. Under the slow-roll condition
Friedmann equation and the equation of motion for the background field φI(t) are
given by
3H2 = κ2V, 3HDtφI + V I = 0. (9)
From Eq. 9, the horizon flow functions are described by the slow-roll parameters,
εV , ηV and ξV ,
1 = −DtH
H2
∼ εV , (10)
2 =
D2tH
HDtH − 2
DtH
H2
∼ 4εV − 2ηV , (11)
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23 ∼ 2ξV − 16ε2V + 6εV ηV , (12)
with
εV =
1
2κ2
VIV
I
V 2
, (13)
ηV =
V IV JV;IJ
κ2V V KVK
, (14)
ξV =
V IV JV KV;IJK
κ4V 2VMVM
, (15)
where the semicolon indicates the covariant derivative on the field-space manifold:
V;IJ··· ≡ ∇I∇J · · ·V , and we write the first derivative as VI = V;I .The lower in-
dex are raised by the field-space metric, V I = GIJVJ . Using Eq. 13, the e-folding
number, N , is descrived as
N ≡
∫
Hdt =
∫
C
dφI
VI
2V εV
, (16)
where C is a path from the horizon crossing to the end of inflation.
In the covariant approach, the two- and three-point correlation functions are also
computed among the geodesic direction. In this paper we refer the results of the
power spectrum, As, the spectrum index, ns, the running of the spectrum index, αs,
the tensor-to-scalar ratio, r, and the non-gaussianity, fNL, for details, see Refs. 13,
19, 16, 20.
As =
κ2V
12pi2
N INI , (17)
ns = 1− 6εV + 2ηV , (18)
αs = −24ε2V + 16εV ηV − 2ξV , (19)
r = 16εV , (20)
fNL = −5
6
N INJN;IJ
(NKNK)2
. (21)
It should be noted that there are terms proportioanl to the Riemann tensor in the
original papers. These terms disappears from Eqs. (9) and (16).
Here we assume that the potential of the scalaron in the F (R) gravity dominates
the energy density of the early universe and regard the scalaron as the slow-roll
scalar field. Substituting the field metric (5) and the potential (6) into (13)–(15),
we obtain the slow-roll parameters,
εV =
1
3
(2F −AFA
AFA − F
)2
, (22)
ηV = −2
3
2F −AFA
AFA − F
(
2− FA
FAA
FA −AFAA
2F −AFA
)
, (23)
ξV =
4
9
(2F −AFA
AFA − F
)2 1 + 6F − F 3AFAAAF 3AA − 3 F 2AFAA
2F −AFA
 , (24)
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and the e-folding number,
N =
∫ AN
Ae
dA
3FAA
2FA
AFA − F
2F −AFA . (25)
The interval of integration for the e-folding number is given by the configuration at
the horizon crossing, AN , and the one at the end of inflation, Ae. The value, Ae,
is fixed by the slow-roll condition, εV = 1. The value, AN , is tuned to produce a
suitable e-folding number.
Inserting Eqs. (22)–(25) into Eqs. (17)–(21), we find the explicit expression of
the inflationary parameters,
As =
κ2(AFA − F )3
16pi2F 2A(AFA − 2F )2
, (26)
r =
16
3
(2F −AFA
AFA − F
)2
, (27)
ns = 1− 2
3
4F 2 −A2F 2A
(AFA − F )2 +
4
3
FA
FAA
FA −AFAA
AFA − F , (28)
αs =− 8
3
(2F −AFA
AFA − F
)4
− 32
9
(
2− FA
FAA
FA −AFAA
2F −AFA
)(2F −AFA
AFA − F
)3
− 8
9
(2F −AFA
AFA − F
)2[
1 +
6F − F 3AFAAA
F 3AA
− 3 F 2AFAA
2F −AFA
]
, (29)
fNL =
10
9
(2F −AFA
AFA − F
)2
− 5
9
2F −AFA
AFA − F
(
2− FA
FAA
FA −AFAA
2F −AFA
)
. (30)
Therefore the inflationary parameters in the F (R) gravity are calculated by Eq. 25
and Eqs. (26)–(30) under the slow-roll scenario.
3. Inflationary parameters in F (R) gravity
In this section we calculate the inflationary parameters in two types of F (R) gravity.
We first consider the power-law model to inspect the validity of our results Eq. 25
and Eqs. (26)–(30). The inflation for power-law model was also studied in Ref. 21.
Next we investigate a modified power-law model which has a no analytic canonical
kinetic term.
3.1. Power-law model
The power-law model is defined by
F (R) = R+ γRn, (31)
where γ is a positive coupling with mass dimension, 2− 2n, and n is a real number,
not 1. For n ∼ 2 the model is considered as a quantum corrected R2 model, see
Refs. 22, 23, 24, 25. At the limit n → 2, the model is equal to the Starobinsky
model.10
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In the power-law model the integration in Eq. 25 is analytically performed and
found
N =
3n
4(2− n) ln
∣∣∣∣1 + (2− n)γAn−1N1 + (2− n)γAn−1e
∣∣∣∣− 34 ln
∣∣∣∣1 + nγAn−1N1 + nγAn−1e
∣∣∣∣ . (32)
By solving the condition εV = 1, we obtain the field variable at the end of inflation,
γAn−1e =
1√
3(n− 1) + n− 2 . (33)
From Eq. 6 the potential of the power-law model is given by
V =
An+2γ (n− 1)
2κ2 (A+Anγn)
2 . (34)
In Fig. 1 the typical behavior of the potential is shown as a function of the field
variable A. It is observed that the potential (34) is bounded above for n > 2.
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n = 2.5
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n = 4
Fig. 1. Behavior of the potential for the power-law model (34) for n = 1.9, 2, 2.1, 2.5, 3, 4.
The slow-roll parameter, εV , vanishes and the integrand in Eq. 25 diverges at the
maximum of potential,
γAn−1max =
1
n− 2 . (35)
To avoid the divergence we set the interval of the integration A < Amax. The field
variable at the horizon crossing AN is calculated by solving Eq. 32 with N = 60.
The coefficient of the first term in Eq. 32 becomes large at n ∼ 2. Then it is found
that the field variable at the horizon crossing, AN , realized near Amax for n > 2. In
these cases the main contribution to the e-folding number is comes from the first
term in Eq. 32. Hence, we negrect the second term and Ae in Eq. 32 and find an
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approximate expression of AN which is valid for n & 2,
γAn−1N ∼
1
n− 2
(
1− e− 4(n−2)N3n
)
. (36)
Substituting Eq. 36 into Eqs. (26)–(30), we obtain the inflationary parameters as a
function of the model parameter n,
As =
κ2
16pi2ν3n
(
1
γ(n− 2)
2
1 + x
)2/(n−1)(
2
1 + x
)3(
1 +
n
n− 2
2
1 + x
)−1(
1 + x
1− x
)2
,
(37)
ns = 1− 2
3
ν2n
[
1 +
1 + x
n− 2 +
3n− 2
4n
(1 + x)2
]
, (38)
r =
4
3
ν2n(1− x)2, (39)
αs =
8
9
ν3n
[
(−3n+ 2)(n− 2)
16n2
(1 + x)4 − 7n− 4
8n2
(1 + x)3
+
3n2 − 8n+ 2
4n(n− 2) (1 + x)
2 +
1 + x
3(n− 2)
]
, (40)
fNL =
5
9
ν2n
[
3− (7n− 13)(1 + x)
2(n− 2) +
2n+ 1
4n
(1 + x)2
]
, (41)
with
νn = (n− 2)/(n− 1), x = coth 2(n− 2)N
3n
. (42)
In Fig. 2 the inflationary parameters are shown between n = 1.8 and n =
2.05. We observe that the power-law model is consistent with the Planck 2018
observations for n ∼ 2 with N = 60. At the limit n → 2, the e-folding number
reduces to be N ∼ 32γAN . From Eqs. (37)–(41) the inflationary parameters are
given by
As =
κ2N4
9pi2γ(4N + 3)2
, ns = 1− 2
N
− 3
N2
, r =
12
N2
,
αs = − 2
N2
− 15
2N3
− 9
2N4
, fNL = − 5
6N
+
25
8N2
.
(43)
These results reproduce the ones in the Starobinsky inflation.10
3.2. Modified power-law model
Next we modify the power-law model in the following form
F (R) = R(1 + γRn)1/n. (44)
In the model the kinetic term for the auxiliary field, A, has a non-canonical form.
Though it is always possible to transform the field variable and define the theory
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Fig. 2. Inflationary parameters in the power-law model from n = 1.8 to n = 2.05 for N = 50
(dashed dark blue lines) and N = 60 (solid blue lines). The darker shade area shows the parameter
range consistent with the Planck 2018 observations.11,12
with a canonical kinetic term, the transformed field can not be described as an ana-
lytic function of the original field for n 6= 1. Thus the covariant approach developed
in the previous section is absolutely necessary. It should be noted that the model is
equivalent to the Starobinsky model at n = 1.
The potential for the auxiliary field is given by
V =
An+1γ (Anγ + 1)
1−1/n
2κ2 (2Anγ + 1)
2 . (45)
As is shown in Fig. 3, the potential monotonically increases toward a value,
V κ2γ1/n ∼ 1/8, and a plateau region is present at the large A limit for a posi-
tive n. For −1 ≤ n < 0, however, this model behave as F = R2. Thus we assume
non-zero positive value for n.
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Fig. 3. Behavior of the potential for R(1 + γRn)1/n model.
The integration in Eq. 25 is analytically performed in this model and the e-
folding number is given by
N =
3γ(AnN −Ane )
2n
+
3(n− 1)
2n
ln
∣∣∣∣1 + γAnN1 + γAne
∣∣∣∣− 34 ln
∣∣∣∣1 + 2γAnN1 + 2γAne
∣∣∣∣ . (46)
Since the first term of the right hand side in Eq. 46 has a dominant contribution at
the horizon crossing, we neglect the second and third terms. The field variable AN
is much larger than that at the end of inflation, AN  Ae. Thus we drop the Ae
dependence and find an approximate expression,
N ∼ 3γAnN/2n. (47)
Substituting Eq. 47 into Eqs. (26)–(30), we obtain
As =
1
16pi2γ1/n
x3+1/n(1 + x)1−1/n
(1 + 2x)2
, (48)
ns = 1− 2
3
(n− 1)x2 + (3n+ 1)(x+ 1)2
x2(1 + n+ 2x)
, (49)
r =
12
n2N2
, (50)
αs =− 8n(2x+ 1)(x+ 1)
9x4(1 + n+ 2x)3
[
3n2(x+ 1) + n(4x3 + 12x2 + 13x+ 4) + (2x+ 1)2
]
,
(51)
fNL = −10
9
2n(2x− 1)(x+ 2)− 6(2x+ 1)
x2(1 + n+ 2x)
, (52)
where x is defined by x ≡ 2Nn/3. These results are simplified to the ones in the
Starobinsky inflation Eq. (43) for n = 1.
The behavior of the inflationary parameters are depicted in Fig. 4. The tensor-
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Fig. 4. inflationary parameters Eq. 44 from n = 0.5 to n = 5.0 for N = 50 (dashed dark blue
lines) and N = 60 (solid blue lines).
to-scalar ratio and the non-gaussianity increase as the parameter n decreases. As is
seen in Fig. 4 the predicted inflationary parameters for N = 60 satisfy the constraint
from the Planck 2018.
4. Concluding remarks
We have developed useful formulae to calculate the inflationary parameters under
the slow-roll scenario in F (R) gravity models. By the Weyl transformation the F (R)
gravity model can be described by an equivalent scalar-tensor theory and the scalar
field has played a role of the inflaton.
On some classes of the F (R) gravity models are represented by scalar-tensor the-
ories with a non-canonical kinetic term. In our formulae the non-canonical kinetic
term is treated by the covariant approach. The explicit expressions of the inflation-
ary parameters have been obtained as functions of the inflation potential and its
derivatives under a general definition of the slow-roll parameters Eq. 13, Eq. 14,
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and Eq. 15. Thus, the inflationary parameters are derived as a function of F (R)
and its derivatives. Evaluating Eq. 25, we obtain the field variable at the horizon
crossing and find the consistent model parameter with current measurements of the
inflationary parameters.
We have demonstrated our formulae in the power-law model and the modified
power-law model. These models reduce to the Starobinsky model for a specific
model parameter. In the power-law model with N = 60 the consistent parameter is
found around the Starobinsky model which can be understood as a model deformed
by the quantum corrections. We introduce the modified power-law model as an
example with the non-canonical kinetic term. In the modified power-law model
the constraints from the inflationary parameters are satisfied for a larger parameter
range forN = 60. The numerical results of the possible parameter space are rendered
in Fig. 2 and Fig. 4.
Our formulae can be applied to a wide class of F (R) gravity and systematically
inspect the consistency with the current observations. For example, our approach
permits to study a general higher derivative correction of gravity withR2 term where
the inflation with account of quantum corrections has been studied in Refs. 26, 27,
28. It is also interesting to study a model to solve the dark energy, e.g. Refs. 4,
5, 6, 7, 8, 9, and dark matter, e.g. Refs 29, 30, 31 problems simultaneously. The
application of covariant approach to F (R,φ) gravity inflation model, e.g. Refs. 32,
33, 34 is also worth investigating. We hope to report some results for these topics
in future.
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